Abstract. The stability of fractional standard and positive continuous-time linear systems with state matrices in integer and rational powers is addressed. It is shown that the fractional systems are asymptotically stable if and only if the eigenvalues of the state matrices satisfy some conditions imposed on the phases of the eigenvalues. The fractional standard systems are unstable if the state matrices have at least one positive eigenvalue.
Introduction
A dynamical system is called positive if its trajectory starting from any nonnegative initial condition state remains forever in the positive orthant for all nonnegative inputs. An overview of state of the art in positive systems theory is given in the monographs [1, 2] Variety of models having positive behavior can be found in engineering, economics, social sciences, biology and medicine, etc.
Mathematical fundamentals of the fractional calculus are given in the monographs [3] [4] [5] . The positive fractional linear systems have been investigated in [6] [7] [8] . The stability is a basic notion of the analysis of dynamical linear and nonlinear systems [2, [9] [10] [11] . Stability of fractional linear continuous-time systems has been investigated in the papers [3, 12, 10, [13] [14] . The notion of practical stability of positive fractional linear systems has been introduced in [15] . Some recent interesting results in fractional systems theory and its applications can be found in [4, 10, 13, 16] . The positive linear systems consisting of n subsystems with different fractional orders have been addressed in [17] . The controllability and minimum energy control of fractional systems have been analyzed in [18] [19] [20] and the reachability of fractional positive linear systems in [18] .
In this paper the stability of fractional positive continuous-time linear systems with state matrices in integer and rational powers will be addressed.
The paper is organized as follows. In section 2 preliminaries concerning the fractional positive continuous-time linear systems are recalled. The fractional standard linear systems with state matrices in integer and rational powers are investigated in section 3. Similar problems for positive fractional linear systems are analyzed in section 4. Concluding remarks are given in section 5.
The following notation will be used: ℜ -the set of real numbers, , n M -the set of n n × Metzler matrices (real matrices with nonnegative off-diagonal entries), n I -the n n × identity matrix. 
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Stability of fractional positive continuous-time linear systems with state matrices in integer and rational powers
From (18) and (15) it follows that the system with (16) is asymptotically stable for k = 1 and 0 < α < 4 / 3 . The system is also asymptotically stable for k = 2 and 0 < α < 4 / 3 since 3
From (18) and (15) it follows that the system with (16) (15) is not satisfied. It is easy to show that the fractional system (14) with (16) (14) with
The characteristic polynomial of (21) has the form
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and the condition (15) is not satisfied.
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Consider the asymptotic stability of the system (14) 
Proof. The proof is similar to the proof of Theorem 6. 
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. (19) The system is unstable for k = 3 and 0 < α < 2 since (18) and (15) it follows that the system with (16) (20) and the condition (15) is not satisfied. It is easy to show that the fractional system (14) with (16) (14) with
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Consider the system (14) with
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The system for k = 1 is asymptotically stable for 0 < α < 2 but for k = 2 is unstable since The (15) is not satisfied. It is easy to show that the fractional system (14) with (16) (14) with
The characteristic polynomial of (21) 
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and the condition (15) is not satisfied. For k = 3 and 0 < α < 2 the system is asymptotically stable since 
and the condition (15) is satisfied. In general case it is easy to show that the system (14) with (21) (15) is not satisfied. It is easy to show that the fractional system (14) with (16) (14) with
and the fractional system with (28) is unstable. 
The system is unstable for 3 = k and 2 0 < < α (15) is not satisfied. It is easy to show that the fractional system (14) with (16) (14) with
and the condition (15) is not satisfied. 
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and its zeros are From (18) and (15) (15) is not satisfied. It is easy to show that the fractional system (14) with (16) 
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tion (15) is not satisfied. (20) and the condition (15) is not satisfied. It is easy to show that the fractional system (14) with (16) (14) with
and the condition (15) is satisfied. In general case it is easy to show that the system (14) with (21) is asymptotically stable for 
and the condition (15) is satisfied. In general case it is easy to show that the system (14) with (21) is asymptotically stable for
Consider the asymptotic stability of the system (14) for ,... 
The characteristic polynomial of (35) has the form 
are s 1 -2 = 1 = e j0°, s 2 -2 = 1 / 4 e j0° and the fractional system with (31) is unstable since the condition (25) is not satisfied for k = -2.
It is easy to show that the fractional system with (21) is asymptotically stable for k = - (1 + 2l) , l = 0, 1, … and it is unstable for k = -2l, l = 1, 2, … and 0 < α < 2. 
The characteristic polynomial of (35) (14) with (34) is also asymptotically stable. 
The characteristic polynomial of (35) 
The characteristic polynomial of (35) has the form 4 (14) with (34) is also asymptotically stable. 
The fractional system is unstable for all values of k and 2 0 < < α
for k integer and rational. 
Positive fractional linear systems
The fractional system is unstable for all values of k a 2 0 < < α
The fractional system is unstable for all values of k and 0 < α < 2 since s 1 k = 1 for k integer and rational. The fractional system is unstable for all values of k and 2 0 < < α
for k integer and rational.
Case 1, ,... The fractional system is unstable for all values of k and 2 0 < < α
and its eigenvalues are 
The characteristic polynomial of (41) In a similar way it is easy to check that the fractional system (14) for 0 < α < 1 with (38) is asymptotically stable for k = -(2l + 1), l = 0, 1, 2, … and unstable for k = -2l, l = 1, 2, ….
Note that the system with (40) is not positive since A 
The characteristic polynomial of (41) 
The characteristic polynomial of (41) es of k and al.
stability of system (14) system ( 
Assuming that the hypothesis is valid for 1 − n it will be shown that it is also true for 1 − n . It is easy to verify that if 
It is easy to check that the zeros of (42) satisfy the conditions (44). For the matrix (41) we have 
is not positive since 
Assuming that the hypothesis is valid for 1 − n it will be shown that it is also true for 1 − n . It is easy to verify that if and the condition (39) is satisfied for k = -1. Therefore, the fractional system with (41) for k = -1 is asymptotically stable.
For k = -2 the fractional system with (41) is unstable since s 1 -2 = 1 and the condition (41) is not satisfied.
In a similar way it can be shown that the fractional system with (41) and 0 < α < 1 is asymptotically stable for k = - (2l + 1), l = 0, 1, 2, … and unstable for k = -2l, l = 1, 2, … Note that the fractional system with the inverse matrix 
Assuming that the hypothesis is valid for 1 − n it will be shown that it is also true for 1 − n . It is easy to verify that if It is easy to check that the zeros of (42) satisfy the conditions (44). For the matrix (41) we have 
Assuming that the hypothesis is valid for 1 − n it will be shown that it is also true for 1 − n . It is easy to verify that if Assuming that the hypothesis is valid for n ¡ 1 it will be shown that it is also true for n ¡ 1.
It is easy to verify that if T. Kaczorek the state matrices satisfy some conditions imposed only on the phases of the eigenvalues (Theorems 6 -8 and 10 -13). The fractional standard linear systems are unstable for all integer and rational powers of the state matrices if the state matrix has at least one positive eigenvalue (Theorem 9). It is also shown that if nonsingular Metzler matrix is asymptotically stable then its inverse matrix has nonpositive entries (Theorem 12). The considerations have been illustrated by numerical examples of the matrices with real and complex conjugate eigenvalues.
The considerations can be extended to fractional positive discrete-time linear systems. The eigenvalues (52) satisfy the condition (51) and the fractional positive system with (38) for 0 < α < 1 and k = § 2 / 3 is asymptotically stable.
Concluding remarks
The stability of fractional standard and positive continuous-time linear systems with state matrices in integer and rational powers has been addressed. It has been shown that the fractional systems are asymptotically stable if and only if the eigenvalues of 
